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8.2.5 Inharmonicity of partials
Due to the dispersive transversal-wave-propagation, the partials of guitar tones are not strictly
harmonic♣, but spread-out spectrally: the frequency of the ith partial is not
, but a bit
higher. The analytical connection between bending stiffness and spreading-out of partials has
been already discussed in detail in Chapter 1.3 – we will now look at the connected effects on
the perceived sound.
In the following analyses, a real guitar signal will be juxtaposed to several synthetic signals.
The real signal was picked up (without any sound filtering) from the piezo-pickup of an
Ovation Viper EA-68 guitar; it was stored in computer memory. For these recordings, the
open E2-string (D'Addario EJ-26, 0.052") was plucked with a plectrum right next to the bridge
in fretboard-normal fashion; the first second of decay was used for the psychoacoustic
experiments (listening tests). Exponentially decaying sinusoidal oscillations were
superimposed and saved as a WAV-file for the synthetic signal.
The DFT-analysis of the real signal yielded (with very good precision) the spreadingparameter of b = 1/8000; given this, the frequencies fi of the partials are calculated as:
fi = frequency of the partial; fG = frequency of the fundamental.

Fig. 8.17 shows the percentage of frequency-spreading for the spread-out partials; fi is the
abscissa – and not
. On the upper right, the levels of the partials are depicted; on the
lower right, we see the time-constants of their decay. With many partials we find in good
approximation exponential decay; some partials, however, show strong fluctuations in their
envelopes. For the first experiments, these beats were ignored – they were approximated
(replaced) via exponential decay.

Fig. 8.17: Percentage of spreading-out of partials (left); levels and decay-constants of partials (right).

The data for levels and decay of the partials of the real signals formed the basis for generating
the different synthetic signals.
;

♣

synthetic signal

Harmonic spectrum: the frequencies of the partials are all in integer ratios relative to each other.
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In the formula, A is for the amplitude, τ is for the decay time-constant, fi is for the spread-out
frequency, and ϕ is for the phase; all these parameters are functions of the order i of the
partials. The phases of the partials had not been measured – contrary to the level-spectra,
phase-spectra require considerable post-processing in order to obtain graphs that can be
reasonably well interpreted.
For a first listening experiment, a synthetic signal was generated that consisted of partials
with amplitudes and decay time-constants corresponding to those of the real signal. All
phases of the partials were set to zero, though, and the frequencies of the partials were integer
multiples of the fundamental frequency (i.e. they were not spread-out). A signal synthesized
that way sounds different compared to the real signal. In view of the frequency shifts shown
in Fig. 8.17, one might spontaneously consider a difference in pitch – this was in fact indeed
noticed during the first listening test. However, the “exact” fundamental frequency of the real
signal can – at a signal-duration of 1 s – not be determined with sufficient accuracy; it
moreover also changes during the decay (mechanics of the string). Therefore, the synthetic
signal was tuned by ear to fG = 81,9 Hz; the pitch was sufficiently well matched that way.
Subsequently, the essential difference in sound could be determined via the listening
experiment: the synthetic sound was described as “clearer, more buzzing, spatially smaller”,
while the real sound received the attributes of “more rusteling, more metallic, spatially
larger”. When presenting the sounds using loudspeakers (broadband speakers, normally
reflecting room), an interesting effect with respect to distance could be observed: as the
distance to the loudspeaker increased, real and synthetic signals became more and more
similar.
The hearing system has no receptor that would analyze the sound pressure arriving in the ear
canal with respect to time. Rather, the sound signal is first broken down into spectral bands
(called critical bands in this specific context) with a hydro-mechanical filter [12], and is only
subsequently recoded into the electrical nerve impulses (action potentials). It is nevertheless
purposeful to take a look at the time-functions of the sound signals – at least as long as we do
not loose sight of the band-pass-filtering included in the hearing system. Fig. 8.18 depicts the
time-functions of the real signal and of the synthetic signal – they differ considerably.

Fig. 8.18: Time-functions of the real signal and of the synthetic signals; E2-string.
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The synthetic signal shown in Fig. 18.8 is periodic while the real signal is not. However, the
main difference between the two signals is not found in the periodicity but in the crest-factor
(ratio of peak value to RMS value). The considerable content of impulses in the synthetic
signal also shows up in a hearing-related spectral analysis (Fig. 8.19) as it is generated e.g. in
the CORTEX-Software "VIPER": here, we see time represented along the abscissa, and along
the ordinate the critical band rate (a non-linear mapping of the frequency as it occurs in the
auditory system [12]), scaled in the unit Bark. Coded via the color is a specific excitation
quantity derived from the signal filtering as it occurs in the inner ear (i.e. in the cochlea).
While the synthetic signal excites the hearing system across the whole signal bandwidth, this
synchronicity appears only in the low-frequency range for the real signal. Looking at the
pictures it becomes clear why the synthetic signal would be designated “buzzing”, while the
attribute “rusteling” is used for the real signal. We can also surmise why the distance between
loudspeaker and listener has such a big influence on the sound: given a larger distance, the
gaps between the impulses in the synthetic signal are filled with echoes, and it comes closer to
the real signal. Evidently, it is not the inharmonicity per se that is so special about the real
signal, but the lack of a strictly time-periodic structure featuring a high content of impulses.

Fig. 8.19: Auditory spectrogram (CORTEX-VIPER), real signal (left), Synth-1 (right).

There is a simple way to check the hypothesis related to impulse-content (or hamonicity): not
setting all phases of the partials to zero but having them statistically uniformly distributed
yields a so-called pseudo-noise-signal. Due to the strictly harmonic structure of the partials,
this signal is periodic, but the wave-shape within one period (in this case amounting to about
12 ms) is of random nature. Fig. 8.20 shows the auditory spectrogram, and Fig. 8.21 depicts
the time-function. Although this signal (like the Synth-1-signal) does not include the
frequency spreading of the real signal, it sounds almost exactly like it. Some test persons with
a trained hearing will still detect small differences; in particular in the attack, the signal
Synth-2 does not sound as precise.

Fig. 8.20: Auditory spectrogram (CORTEX-VIPER), Synth-2 (left), Synth-3 (right).
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Still, the difference in sound between the real signal and Synth-1 is much larger that the
difference between the real signal and Synth-2. The rusteling heard in the real signal is
present in Synth-2, as well, but the latter lacks the buzzing that is characteristic of Synth-1.
Highly discriminating subjects may even hear “a tad too much rusteling” in Synth-2, but most
test persons will perceive no difference at all compared to the real signal. An alternative to the
equal-distribution phase would be a phase frequency-response suggested by M. R. Schröder♣
that will again guarantee a small crest-factor. The signal designated Synth-3 comprises a
harmonic spectrum (i.e. non-spread-out), with the phases of the partials defined according to
the following formula:
;

Schröder-phase

Hearing them for the first time, real signal, Synth-2, and Synth-3 differ little; Synth-1,
however, sounds distinctly different. Given headphone presentation, a trained ear will notice
differences between all four signals, but with presentation via loudspeaker at close distance
only Synth-1 sounds different, and for bigger loudspeaker distances, all four signals sound
practically the same.

Fig. 8.21: Time functions of the real signal and of the three synthetic signals.

Since all three synthetic signals have identical amplitude spectra but still sound partly similar
and partly different, the frequency resolution of the hearing system cannot be of significance
in this respect. Exclusive basis for the differences in sound is the difference in the phases – it
is only in this parameter that the formulas used for the synthesis distinguish themselves from
each other. If one of the signals is transmitted via loudspeaker, the frequencies of the partials
do not change, but the phases of the partials do. This bold statement may not be entirely
correct from the point of view of signal theory (because a decaying partial is not described by
a single frequency but via a continuous spectrum that may well be changed via loudspeaker
and room), but it is quite usable as an approximation. The direct evaluation of frequency
responses of the phase is, however, of no help: the auditory system does not include a receptor
that would a priori determine the phase. Rather, small sensory (hair-) cells within the organ of
Corti sense the frequency selective vibration of the basilar membrane. The vibration-envelope
of the latter delivers the basis for the auditory sensations of sound-fluctuations and -roughness
[12]. The attribute of buzz given to the signal Synth-1 is typical for a “rough” sound. Classical
psychoacoustics defines roughness as the sensation belonging to a fast signal modulation.
“Fast” modulations are those with a modulation frequency of between 20 and 200 Hz.

♣

M. R. Schroeder, IEEE Trans. Inf. Theory, 16 (1970), 85-89.
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At 82,3 Hz, the frequency distance of the spectral lines of all three synthetic signals is very
close to 70 Hz (i.e. the reference frequency for roughness-scaling). However, besides the
modulation frequency we need to also evaluate the time-functions of the excitations on
adjacent ranges of the basilar membrane: their cross-correlation functions are a kind of
weighing-function for the overall roughness♣ that is generated from the sectional
roughnesses. In Synth-1, all frequency bands are active concurrently – shown in Fig. 8.19 by
the fact that the red ranges lie on top of each other (for the same t-values). Concurrence is a
required condition for roughness. In Synth-2 (Fig. 8.20) the red ranges are dispersed; they
appear in the individual frequency bands at different times. This is the reason why the
resulting sound is not a buzzing one – but rather one of a rusteling character.
Besides assessing the roughness of the signals, the subjects also judged the perceived size of
the sound source. This is a typical phenomenon in perception psychology: while the objective
size of the sound event (the dimensions of the loudspeaker) remains unchanged, the size of
the auditory event varies with the changes in (relative) phase. Synth-1 appears to arrive
punctiformly from the middle of the loudspeaker membrane, while Synth-2 seems to be
radiated from a range in space. The latter does not appear very big (maybe 10 cm by 10 cm)
but is still not punctiform. And something else attracts attention: all sounds except Synth-1
seem to originate from behind the loudspeaker; they have more spatial depth. This impression
is created in particular if first Synth-1 is listened to, and then one of the other synthetic
signals. An explanation could be that the hearing system is not able to detect any echoes in
Synth-1, and interprets the other two synthetic sounds as similar but containing very early
echoes. Echoes do lend spaciousness and size, even when arriving from the same direction as
the primary sound.
In summary: the frequencies of the partials of a real signal are spread out, but this spreadingout is merely of secondary influence on the pitch. If we compare the real signal with a
synthetic one that carries the same partial levels as the real signal but has the partials set
harmonically (i.e. not spread out), a very similar aural impression results as long as the phases
of the partials are chosen such that the crest-factor does not become too high. If, however, all
phases of the partials are set to zero, a different, more buzzing sound results that seems to
originate form a point in space (for loudspeaker presentation), while all other sounds are
perceived to originate from a range in space.
Next, the synthesis is modified such that the frequencies of the partials are defined via the
spreading formula given above (b = 1/8000). Synth-4 is a synthetic signal with the
frequencies and the level-progressions of the partials corresponding to those of the real signal.
Differences exist in the phase of the partials (in Synth-4 these are all at zero), and in the
details of the progression of the levels of the partials. As already noted, the partials decaying
with beats are replaced in all synthetic signals by exponentially decaying partials. Right off
the bat, the inharmonic synthesis is convincing: Synth-4 is barely distinguishable from the
real signal even given headphone presentation. And yet, the two time-functions and
spectrograms show differences (Fig. 8.21) … but this was to be expected: the synthesis is
limited to merely 45 partials (f < 4,1 kHz) that all decay with a precisely exponential
characteristic.

♣

W. Aures: Ein Berechnungsverfahren der Rauhigkeit, Acustica 58 (1985), 268-281.
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Fig. 8.22: Synthetic signal with spread-out spectrum (Synth-4).

The spreading of the partials leads to a progressing loss of synchronization in the time
domain. At the instant of plucking (attack), all partials need to cooperate with equal phase in
order to effect the abrupt change in signal. In Synth-1, the attack is repeated in identical
shape: the maxima appear at the same times (pan-cochlear synchronicity); the tone buzzes. In
Synth-2 and Synth-3, this pan-cochlear synchronicity is by and large destroyed, but the period
of excitation remains constant in all critical bands. In Synth-4, the period of excitation
decreases with increasing frequency, and the cross-correlation function (that the formation of
roughness is based on) becomes time-variant. It is no issue that – due to the intra-cochlear
time delay of 6 ms (max.) – a true pan-cochlear synchronicity does not actually appear: the
hearing system is used to that. All impulses suffer the same fate … and still remain one
object.
It is not a matter of course that changes in the phase spectrum become audible. If we would
repeat the above experiment with a fundamental frequency of 500 Hz, the mentioned phase
shifts would still change the time function, but they would not be perceived. It has proven to
be purposeful to assume the time-resolution of the auditory system to be about 2 ms: at a
fundamental frequency of 82 Hz, the hearing can still “listen into the gaps” but not anymore
at 500 Hz. However, apparently a particular sensitivity towards how of the critical-bandspecific loudness evolves over time does not exist: Synth-1 is clearly recognized as being
different, while Synth-2 and Synth-3 sound very similar despite different cross-correlation
functions. It should be noted that this similarity is subject to inter-individual scatter: it may
happen that a special sound is perceived as tuned too low. Changing the fundamental
frequency (e.g. from 81,9 Hz to 82,3 Hz) removes this discrepancy … now we are in tune.
Perfectly, even. A few minutes later, however, the same tone is suddenly too high – and needs
to be retuned down to e.g. 81,9 Hz. In the best case, our hearing may notice a frequency
difference of 0,2% [12]. It may – doesn’t have to. The listening experiments convey the
impression as if the attention of the test-person works selectively: sometimes, more attention
is paid to pitch, other times roughness is in focus – or other attributes that go beyond the
scope of generally understandable adjectives for sound such as “steely”, “wiry”, “metallic”,
“rolling”, or “sizzling”, “swirly”, “brown”. We seek to describe the remaining difference in
the color of the sound somehow, but semantics do let us down here. And then: lets hope that a
translation into another language is never needed. Who would think that "kinzokuseino"
means metallic? Or that "hakuryokunoaru" means strong? What does "namerakadadenai"
sound like? Can you hear “roughness” in there? Or “r-aow-hig-ka-it" (to try – and fail – to
represent the German word Rauhigkeit for this attribute)?
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Most partials of the real guitar signal decay in good approximation with an exponential
characteristic, but with some we observe a beating. The reasons for this shall not be
investigated here – we are looking into auditory perception at this point. Already the second
partial gives rise to the conjecture that a beating minimum would occur shortly after the end
of the recording (duration 2 s), i.e. a beat-periodicity of about 5 s. Within the duration of the
listening experiments (1 s), this can still be nicely approximated by an exponential decay, but
in the 17th partial there are two beats in combination: a slower one with 1,6 Hz beatfrequency, and a faster one with 18,4 Hz (Fig. 8.23). This partial has, however, a low level (in
particular relative to the 15th partial), resulting in this beating being practically unperceived –
it is masked [12]. For the 27th partial, we find an again different scenario: if features a
classical beating with a periodicity of 950 ms. At first glance there seems to be no strong
masking: all neighboring partials have similar levels – but they all decay relatively smoothly
such that the overall critical-band-level (that is formed from the levels of 4 partials) features
almost no fluctuation. The levels of the partials obtained via narrow-band DFT-analysis
deliver objective signal parameters but do not allow for any conclusion about the audibility of
special sound attributes. Psychoacoustical calculation methods such as roughness- or
fluctuation-analysis also are to be taken with a pinch of salt: our knowledge about the
interaction in inharmonic sounds is still too limited. Listening experiments yield the best
results about the audibility of beats in partials – no surprise there, of course. In the case of the
above guitar tone, they lead to the clear statement: despite inharmonic partials, beating is
practically inaudible.

Fig. 8.23: Decay curves of individual levels of partials; Ovation-guitar, piezo pickup.

Still, we must not conclude from the fact that no beats are perceived in the guitar tone
presented here that beats are inaudible in general. They are present, and they will be audible if
the levels of their partials stand out sufficiently from their spectral neighborhood. Cause for
the beats may be found in magnetic fields of pickups (Chapter 4.11), or coupling of modes
within the string bearings (Chapter 1.6.2). The inharmonicities of partials, however, can
(regarded by themselves) generate only minor fluctuations. Beats within octaves [Plomp,
JASA 1967] or time-variant cross-correlations [Aures, Acustica 1985] explain only very
subtle fluctuations – partials creating a clearly audible beating require two spectral lines that
are in close vicinity, and of similar level. Such lines cannot be generated merely by
inharmonicity, though. “In the LTI-system”, we are temped to add in order to have really
thought of everything … and we suddenly realize that in particular this limitation is not
fulfilled in many cases for guitar amplifiers. Spectral inharmonicity can certainly generate
neighboring tones if non-linearities are allowed!
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In guitar amplifiers, non-linear distortions appear to various degrees. While the acoustic
guitar amplified via piezo-pickup will usually not be given audible distortion, the contrary
might be the case for the electric guitar with its magnetic pickup (depending on musical
style). A non-linearity – or, to put it simply, a curved transmission characteristic – enriches
the spectrum by additional tones. A mixture of two primary tones (at the input of the
nonlinearity)

is mapped onto the output signal y(t) via the nonlinear transfer function (in a series expansion)
.
For purely 2nd- or purely 3rd-order distortion, the spectrum belonging to y(t) may be easily
calculated [e.g. 3]. For distortion of any order, the above input signal will create a distortion
spectrum that is harmonic relative to the new fundamental frequency ggt(f1, f2). The operation
ggt(f1, f2) determines the largest common denominator of the two frequencies f1 and f2. Given
e.g. f1 = 500 Hz and f2 = 600 Hz, a distortion spectrum with spectral lines at the integer
multiples of 100 Hz results, while for e.g. f1 = 510 Hz and f2 = 610 Hz, a distortion spectrum
at integer multiples of 10 Hz is created.
If we generalize the two-tone signal x(t) to an n-tone signal, then the distortion spectrum of
the latter will be harmonic relative to a fundamental frequency corresponding to the largest
common denominator of all n frequencies of the participating primary tones. If x(t) is a timeperiodic signal with the periodicity of T, then its spectrum will be harmonic, i.e. all
frequencies of the partials are an integer multiple of fG = 1/T. The largest common
denominator of all frequencies of the partials is also fG, and therefore a non-linearity does not
change the harmonicity (or the time-periodicity). However, given a spread-out spectrum, a
vast variety of new frequencies is created (the root-function is irrational), and these create a
noise-like or crepitating additional sound. Fig. 8.24 depicts the spectrum resulting from a
time-periodic signal (Synth-1), and a synthetic signal (similar to Synth-1 but with b = 1/3000),
both being fed to a point-symmetric distortion characteristic. In this conglomerate of
superimposed primary tones and distortion tones, everything is possible – including beats.

Fig. 8.24: Spectra of signals subjected to non-linear distortion. Left: harmonic primary signal; right: spread-out
primary signal. Cf. Chapter 10.8.5.
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Conclusion: due to their bending stiffness, strings do not have a harmonic spectrum but a
spread-out spectrum; therefore the corresponding time-function is not periodic. If we compare
the inharmonic sound with a harmonic sound (of the same fundamental frequency) that
features levels of partials at least approximately corresponding to those of the inharmonic
sound, we realize that the phase of the partials is significant. A harmonic sound carrying
partials that all have a phase of zero (or π) sounds buzzing and clearly different from a real
guitar sound. However, given a suitable phase function that creates a small crest-factor,
harmonic tones that can be synthesized that differ only marginally from a real guitar sound.
Using headphones, the trained ear may still recognize differences, but with loudspeaker
presentation, the sounds are practically identical. The inharmonicity is clearly noticed only if
the spreading parameter b is set significantly above about 1/5000 (this would not be typical
for guitar strings). For example, at b = 1/500 a dark chime like that of a wall clock results,
while with b = 1/100 synthesizer-like sounds are created. However, if a strongly non-linear
system (such as a distortion box) is connected into the signal path, even weakly inharmonic
signals may drastically change their spectrum (including additional frequencies) and thus their
sound. In such a configuration, harmonic signals experience a change in amplitude and phase
only – they remain harmonic.
These statements should be interpreted as results of a small series of experiments and not be generalized to every
instrument sound. The aim of these investigations was not to find the absolute threshold for perception of
inharmonicity but to demonstrate the rather small significance of guitar-typical inharmonicities. If the decay of
higher-order partials is different, inharmonicities based on a much smaller inharmonicity parameter may well be
noticed (Järveläinen, JASA 2001).

Compilation of formulas:
Synth-1
The function of the angle was formulated as a sine in order to not make the crest-factor even larger.

Synth-2
The phase angles ϕ(i) are equally distributed within the interval [0...200°].

Synth-3
2

The phase angles ϕ(i) are calculated (according to Schröder) as ϕ(i) = 0,04⋅π⋅i . This corresponds to a groupdelay linearly increasing with frequency.

Synth-4
The frequencies of the partials are inharmonically spread out.

;
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fG = 81,9 Hz; b = 1/8000; i = 1:45;
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